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The fundamental derivation of macroscopic model equations to describe swarms based
on microscopic movement laws and mathematical analyses into their self-organisation
capabilities remains a challenge from both modelling and analysis perspectives. In this
paper we clarify relevant continuous macroscopic model equations that describe follower-
leader interactions for a swarm where these two populations are fixed, using the case
example of honeybee swarming to motivate our model. We study the behaviour of the
swarm over long and short time scales to shed light on the number of leaders needed
to initiate swarm movement, according to the homogeneous or inhomogeneous nature of
the interaction (alignment) kernel. The results indicate the crucial role played by the
interaction kernel to model transient behaviour.
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1 Introduction
Collective movements describe the tendency of a group of individuals to coordinate their
motion in a manner that generates net flow of the entire population. Examples range
from cells to animals, from migrating cell clusters during development and cancer inva-
sion [22, 28] to shifting bird flocks and fish shoals; the latter extend to the kilometre-
spanning shoals formed from hundreds of millions of herrings [27]. A point of recent
interest concerns the potential division of a population into “leaders” and “followers”
and, consequently, how leaders influence swarm dynamics. Clearcut leadership could re-
sult from experience, age or prior knowledge: the presence of older birds improves path
efficiency in migrating cranes [30]; post-menopausal orcas adopt leading positions during
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pod foraging [7]; only the “househunting” scouts know the final destination of a new
honeybee nest [38]. Subtler leaders arise within superficially identical populations, such
as the presence of faster or “braver” individuals in fish shoals and bird flocks [35, 31].
Leader/follower statuses also occur in a host of cellular systems, ranging from collective
movements of aggregated amoebae to sprouting blood capillaries during development,
physiology and disease [28].
Most theoretical descriptions of collective migration have employed agent/particle-
based approaches, e.g. [44, 10, 9, 12, 11], see also [3]. Despite the plethora of models,
they typically share a so-called set of “first principles of swarming” [8]: specifically, par-
ticle trajectories governed by a combination of repulsion (preventing collisions), attrac-
tion/cohesion (preventing dispersal) and alignment of direction/velocity according to
neighbour positions, each operating over specified interaction ranges. Models based on
these features reproduce a wide variety of collective migration phenomenologies, e.g. see
[3]. In the context of follower-leader systems, a key finding has been that swarms can
be efficiently guided by a small number of anonymous (i.e. not clearly distinct from the
crowd) informed individuals [9]. These individuals influence their neighbours, which in
turn influence further followers and knowledge is relayed through the swarm. Surpris-
ingly, as the swarm population increases a diminishing fraction of leaders is needed to
achieve the same level of guidance efficiency [9]. Follower-leader alignment strategies have
also been incorporated within other swarming studies. For example, in [23] a “transient
leadership” model was considered to imitate bird flocks while “hierarchical leadership”
was studied in [41] within the framework of a Cucker-Smale model.
Beyond agent-based models, a plethora of continuous models have been proposed, for
example see [29, 43, 17, 18, 33]. In common with their individual-based counterparts,
movement is governed by a set or subset of attracting/repelling/aligning interactions,
typically generating integro-differential equations of parabolic (e.g. [29, 33]) or hyper-
bolic (e.g. [18]) form. While these models gain analytical tractability, their connection to
individual-level behaviour is inevitably blurred.
In this paper we derive macroscopic partial differential equations (PDEs) to describe
follower-leader interactions within swarming populations, starting from an underlying
particle description for movement. In particular, we exploit the well-studied exemplar of
honeybee swarming to frame our modelling assumptions. In the next section we sum-
marise key properties and prior modelling in this system, subsequently refining to a rela-
tively minimal set of assumptions to test whether a simple process of velocity alignment
can generate coherent and guided swarm movement. We proceed to examine hyperbolic
and parabolic scaling limits under homogeneous and inhomogeneous interaction (align-
ment) kernels and discuss the new modelling challenges to describe realistic follower-
leader dynamcis.
2 Honeybee swarming
2.1 Biological background
When a colony of honeybees outgrows its home, two-thirds of the population (including
the queen) departs. While the remaining population raises a new queen and forms a
3daughter colony, the homeless bees bivouac nearby while scouts scour the countryside
for a new site. Reappearances at the colony are accompanied by a “waggle dance”,
communicating distance, direction and quality of possible new nests to other scouts.
Proposals are analysed before consensus is achieved, at which point the population takes
to the air and the scouts guide the ensuing swarm to the new nest, potentially several
kilometres away [38]. Given that only a small (3%-5%) proportion of the swarm are
scouts, successful translocation relies on the ability of a small percentage of informed
individuals – from a few hundred to a thousand for the 10,000+ swarm [40, 39] – to
impart their knowledge.
Early observations of “high-speed” bees, flying in the upper portion of the swarm and
towards the nest site, led to the suggestion that this population coincided with the scouts
and that the behaviour allowed followers to infer nest direction [26]. Subsequent stud-
ies have tested this “streaker hypothesis” against alternative theories of swarm guidance
[40, 1, 37, 21]. For example, thorough analysis of individual trajectories in videoed swarms
supports the presence of streakers, along with their localisation towards the upper swarm
[1, 37]. Harmonic radars applied to scouts prior to the swarm’s movement revealed a sub-
sequent streaker-like behaviour, with fast bursts of nest-directed movements interspersed
with periods of negligible or slower movements in the opposite direction [21]. A fast-
flying line of foragers across a swarm’s path disrupts swarm guidance, consistent with
the theory that fast-flying behaviour impacts on a bee’s flight trajectory [25].
Inevitably, streaking sends scouts to the leading swarm edge, so questions arise on
their subsequent behaviour. Two proposals, suggested in [38], are: (i) slowly travelling
backwards, perhaps along the bottom or sides to minimise their influence, or (ii) “waiting
out” the swarm’s passage, before rejoining and streaking again. Harmonic radar experi-
ments provide some support for either mechanism [21], though technical limitations are
unable to give precise answers at present. Questions also arise on just how much guid-
ance information is transmitted from streakers to uninformed bees. Flying fast at the top
clearly raises visibility, but despite growing understanding of their visual abilities (e.g.
[36]), the extent, range and manner of bee alignment to their conspecifics remains un-
clear. Do followers synchronise movements to all their near neighbours or just the fastest?
Over what range can streaker bees be identified? In short, what is the extra weighting
generated through performing a streak?
2.2 Prior modelling
Among numerous models of collective movement, several have specifically focussed on
bee swarms. For example, Fetecau and Guo [20] implement a first-order model involv-
ing attraction, repulsion (described by a Morse potential) and alignment, along with a
random component activated only under low interactions between an individual and the
rest of the swarm. Each bee’s visual field corresponds to a planar cone aligned in their
direction of motion and formed from two regions: individuals in a central cone are fully
seen, while those in the peripheral region are partially seen (and ascribed lower weight).
Further, a leader subpopulation ignores other swarm members and moves in oscillatory
fashion, with fast/high-visibility movements towards the nest until they reach the front
edge, followed by slower/low-visibility movements towards the rear. Attraction, repul-
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sion and alignment also lie at the heart of a first-order model in [24]. Alignment follows a
Euclidean metric-based assumption, with (follower) bees synchronising their movements
according to all visible neighbours, regardless of their speed. As in [20], a set of leaders
is given a back-and-forth motion.
The model in [16] incorporates both site decision-making and subsequent swarm guid-
ance. Regarding the latter, a cohesion term attracts each bee according to the barycenter
of a set of sufficiently fast individuals, along with their topological metric-based align-
ment. The resulting model was applied to compare swarming of two honeybee species,
Apis mellifera and Apis florea. The same basic rules are implemented in [5] to study
whether a single leader can transmit guidance to an entire swarm, testing both topolog-
ical (a fixed number of bees, regardless of distance) and metric-based (all bees within a
set region) alignments. Efficient guidance occurred for either a sufficiently large region
(encompassing the entire bee cloud) under metric alignment or for a high enough number
of groupmates (i.e. > 13) under topological alignment. Extensions in [6] considered how
the subtlety of scout visibility and behaviour impacted on swarm efficiency. Further, the
scout percentage to total swarm size relationship was addressed, with larger swarms de-
manding a smaller fraction of scouts to achieve comparable targeting, echoing the results
of earlier models [9, 20]. Further additions included greater environmental complexity,
e.g. forcing swarms to circumnavigate structural elements. Finally, in [4] models were
tested against experiments on swarm disruption due to high velocity forager highways
[25]. Based on fitting against data, the leading plausible set of model assumptions in-
volved follower bees synchronising movement according to all sufficiently close insects
(regardless of their status), provided that passive leaders slowly returned from the front
to the rear edge of the swarm.
3 Swarm description
We assume the swarm is divided into two main subpopulations: followers (f) and leaders,
with the latter further subdivided into those engaging as streakers (s) and those behaving
passively (p). The total number of leaders is considered small (for bees, 3%− 5% of the
total population e.g. [38]) compared to the followers. We assume that the leaders have
knowledge of the nest location while the followers are completely uninformed. Streakers
correspond to those leaders flying fast in the nest direction, while passive leaders are
those behaving otherwise. Specifically, we assume that (i) a streaker flies fast to the
swarm’s front edge, (ii) switches to a passive role and returns more slowly towards the
rear, and (iii) closes the cycle by switching back to a streaker role. Streaking is marked
by the distinctive velocity, so that streakers lead the swarm through flying with fixed
maximum speed cs in the direction of the nest and alerting followers of the nest direction
in the process. Followers and passive leaders, meanwhile, are presumed to fly with fixed
speeds cf and cp respectively.
An obviously important quantity in the model is the position of the swarm with respect
to the nest. Given a generic bee located at xk, its distance to the nest at xnest is denoted
by Inest(xk(t)) = |xk(t) − xnest|. We fix a corresponding field b ' ∇Inest within the
domain outside the nest, such that −b defines the direction for the leaders to the nest.
5Specifically, we choose b = ∇Inest to be divergence free at the nest and tangent to the
boundary of the domain. As |x| → ∞, we impose b(x)→ ∇Inest.
We define σ¯i(x, t, θ, τ), for i ∈ {f, p, s}, as the microscopic densities of followers, pas-
sive leaders and streakers at position x, time t, moving in direction θ for some time τ .
Integrating with respect to τ , we denote σi(x, t, θ) =
∫ t
0
σ¯i(x, t, θ, τ)dτ as the density
of each subpopulation at position x, time t and moving in direction θ. Subsequently
integrating over θ generates the macroscopic densities
ρi(x, t) =
1
|S|
∫ t
0
∫
S
σ¯i(·, θ, τ)dθdτ ,
where S = {x ∈ Rn : |x| = 1} is the unit sphere in Rn with surface area |S|. Dropped
subscripts are used to denote total population densities, i.e. σ¯ = σ¯f + σ¯p + σ¯s, σ =
σf + σp + σs and ρ = ρf + ρp + ρs.
The dynamics of each subpopulation are described according to a set of rules, minimally
chosen to sufficiently describe swarm behaviour while restricting excess complexity. For
the followers we assume:
1F. Trajectories comprise of straight line motions interrupted by (effectively) instanta-
neous reorientations, where the new direction of motion is randomly chosen. This
movement is called a velocity-jump process [32]. Individuals stop (i.e. reorient)
with a rate given by a fixed parameter β.
2F. At each reorientation, with probability ζ ∈ (0, 1) it selects a new direction of
motion η, taken to be symmetrically distributed with respect to the previous one
according to
k(x, t, θ; η) = k˜(x, t, |η − θ|) .
Because k˜ is a probability distribution, it is normalized to
∫
S
k˜(x, t, |θ− e1|)dθ = 1
where e1 = (1, 0, ..., 0). The turn angle operator T is defined as
Tφ(η) =
∫
S
k(x, t, θ; η)φ(θ)dθ . (3.1)
Trivially, k˜ could be a uniform distribution; more generally, a bias according to the
previous orientation would incorporate an element of persistence of orientation, so
we consider k˜(|η − θ|).
3F. With probability 1− ζ the follower instead aligns with the orientation of the local
population, according to
Λ(x, θ, t) =
J (x, t)
|J (x, t)| , J (x, t) =
∫
Rn
∫
S
K(|y − x|)σ(y, t, θ)θdydθ . (3.2)
If the flux J (x, t) = 0, we assume that Λ(x, θ, t) takes the value θ [14]. A slight
generalisation of the above would be to choose something of the form:
Λ(x, θ, t) =
J (x, t)
|J (x, t)| , J (x, t) =
∫
Rn
∫
S
K(|y − x|) (σf + σp + λσs) dydθ . (3.3)
where λ > 1 would reflect that streakers have higher visibility and therefore provide
greater weighting to the orientation of the followers. We note that the limitations of
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the above homogeneous choice will be discussed in Section 4.3. In particular, an in-
homogeneous variant, given by Λ(x, t) = νJ (x, t), will subsequently be considered
in Section 5.
4F. cf . cs.
Rules for the passive leaders are given by:
1P. They also move according to a velocity jump process as described in 1F, with the
same stopping rate β.
2P. No alignment according to other individuals.
3P. Passive leaders move in the direction of the rear of the swarm (effectively, in the
direction of b).
4P. The new direction of motion η is then biased by these two quantities and is given
by the turn angle operator
B(x, η) = B0(η) +B1(x, η) = T + Tρf .
To be specific, we fix Tρf = (b ·∇ρf )∇ρf . Note that this operator does not depend
on the incoming direction.
5P. cp . cs.
6P. Transitions between streaker and passive leader take place at the front and rear
edges of the swarm, as described below.
Finally, streakers move according to:
1S. Given their knowledge of their nest, they move as ballistic particles in direction −b
(towards the front of the swarm as represented in Figure 1), with a fixed maximum
speed given by cs. Thus, no randomness is assumed.
2S. Transitions between streaker and passive leader take place at the front and rear
edges of the swarm, as described below.
We note that as movements into orientations outside −b are not permitted for leaders
within this model, evolution equations for the streakers will be written directly at the
level of the macroscopic density ρs. Microscopic densities can then be inferred as singular
distributions, where the local macroscopic density is concentrated into orientation −b:
i.e., σs(x, t, θ) = ρs(x, t)δ(θ + b) where δ is the Dirac delta function.
Suppose a Gaussian-type curve for the swarm profile. Physically, the transition rate
from streaker to passive leader, Rsp, should be localised to the front edge of a swarm: in
a region where (∇ρf ,b) > 0, as illustrated in Figure 1. As follower densities decrease,
i.e. ρf → 0, Rsp should be bounded away from zero: Rsp > r0 > 0 as ρf → 0, where r0 is
the minimal conversion rate outside the swarm. The rules for transition rate from passive
leaders to streakers, Rps, obey similar rules. Transitions should be concentrated to the
rear edge of the swarm, i.e. where (∇ρf ,b) < 0. Again, as follower densities decrease we
require Rps > r0 > 0.
For more complicated swarm profiles, e.g. dual peaked as in Figure 2, let cs/r0 define
a length scale on which the density of streakers (and hence also that of passive leaders)
varies. If the spacing between the two peaks is sufficiently larger than cs/r0 then streakers
7Figure 1. Illustration of switching between streakers and passive leaders.
Figure 2. Illustration of different swarm shapes.
consider the blobs as separate swarms and there are separate fronts and backs for each
swarm. For peaks spaced below this distance, the majority of streakers fly towards the
leading edge before converting to passive leaders and it can be considered a single swarm
with a single leader population.
We note that while a change from passive to streaker leader involves transition into a
population with fixed orientation, a streaker to passive change demands transition into
a population distributed over the unit sphere. We define Rsp =
1
|S|
∫
S
Rsp(θ)dθ.
3.1 Microscopic description
Following the swarm description given in Section 3, the population densities satisfy sys-
tems of integro-differential equations as follows. For the streakers and passive leaders,
∂tρs − csb · ∇ρs = −Rspρs +Rpsρp , (3.4)
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
(∂τ + ∂t + cpθ · ∇) σ¯p(·, θ, τ)−Rsp(θ)ρs +Rpsσ¯p(·, θ, τ) = −βσ¯p(·, θ, τ),
σ¯p(·, η, τ = 0) =
∫ t
0
∫
S
B(x, η)βσ¯p(·, θ, τ)dθdτ .
(3.5)
(3.6)
For the followers, following the approach in [19], we have
(∂τ + ∂t + cfθ · ∇) σ¯f (·, θ, τ) = −βσ¯f (·, θ, τ) ,
σ¯f (·, η, τ = 0) =
∫
S
Q(η, θ)
∫ t
0
βσ¯f (·, θ, τ)dτdθ ,
(3.7)
(3.8)
where
Q(η, θ) = ζk˜(|η − θ|) + (1− ζ)Φ(Λ · η) . (3.9)
Φ(Λ ·η) is the distribution of the new aligned direction and satisfies ∫
S
Φ(Λ ·η)dη = 1. In-
tegrating with respect to τ the system (3.5)-(3.6) we obtain, for σp(·, θ) =
∫ t
0
σ¯p(·, θ, τ)dτ ,
∂tσp + cpθ · ∇σp −Rsp(θ)ρs +Rpsσp = −βσp + σ¯p(·, θ, 0)
= −βσp +B(x, θ)β
∫ t
0
∫
S
σ¯p(·, η, τ)dηdτ . (3.10)
Defining the macroscopic density ρp(x, t) =
1
|S|
∫ t
0
∫
S
σ¯p(·, η, τ)dηdτ , we obtain the meso-
scopic equation
∂tσp + cpθ · ∇σp = Rsp(θ)ρs −Rpsσp − βσp + |S|βBρp . (3.11)
Similarly, integrating system (3.7)-(3.8) with respect to τ and using the definition of
T given in (3.1) we obtain
∂tσf + cfθ · ∇σf = −βσf + ζβTσf + (1− ζ)βΦ(Λ · θ)ρf . (3.12)
4 Macroscopic PDE description
As shown in the previous section, the densities ρs(x, t), σp(x, t, θ) and σf (x, t, θ) satisfy
the following system of kinetic equations,
∂tρs − csb · ∇ρs = −Rspρs +Rpsρp , (4.1)
∂tσp + cpθ · ∇σp = Rsp(θ)ρs −Rpsσp − βσp + |S|βBρp , (4.2)
∂tσf + cfθ · ∇σf = −βσf + ζβTσf + (1− ζ)βΦ(Λ · θ)ρf . (4.3)
Treating the population of streakers and passive leaders as the total population of
leaders, ρ` = ρs + ρp, we derive a conservation equation for ρ`.
First, integrating (4.2) with respect to θ we obtain
∂tρp + ncp∇ · wp = Rspρs −Rpsρp , (4.4)
where
ρp =
1
|S|
∫
S
σpdθ and wp =
1
n|S|
∫
S
θσpdθ , (4.5)
9and where we assumed that the turn angle operator B preserves the number of particles,
i.e.,
∫
S
Bdθ = 1. Adding the resulting equation (4.4) together with (4.1) we obtain
∂tρ` + ncp∇ · wp − cs∇ · (bρs) = 0 , (4.6)
where ∇ · (bρs) = b · ∇ρs, provided that ∇ · b = 0 as follows from the definition of b in
Section 3.
Similarly, we control that the population of the followers (4.3) is conserved:
∂t
∫
S
σfdθ + cf
∫
S
θ · ∇σfdθ = −β
∫
S
σfdθ + ζβ
∫
S
Tσfdθ + (1− ζ)βρf = 0, (4.7)
since
∫
S
Φ(Λ · θ)dθ = 1 and ∫
S
Tdθ = 1 by definition.
4.1 Diffusion limit
Next we turn to determining macroscopic equations that describe the interactions be-
tween the three different populations over long time regimes. Introducing a parabolic
scaling (x, t) 7→ (x/ε, t/ε2), transition rates Rεsp, Rεps are multiplied by a factor of ε and
T ερf = ε
2(b · ∇ρf )∇ρf . The operator Bε(x, θ) satisfies
∫
S
Bε(x, θ)θdθ = εC(∇ρf )∇ρf to
leading order in ε.
Equations (4.1), (4.2) and (4.3) then become
ε2∂tρs − εcsb · ∇ρs = −εRεspρs + εRεpsρp , (4.8)
ε2∂tσp + εcpθ · ∇σp = εRεsp(θ)ρs − εRεpsσp − βσp + |S|βBερp , (4.9)
ε2∂tσf + εcfθ · ∇σf = −βσf + ζβTσf + (1− ζ)βΦε(Λ · θ)ρf . (4.10)
Let us suppose that the total population of passive leaders, σp, can be written in terms
of the following expansion:
σp = σ
0
p + εσ
1
p +O(ε2) . (4.11)
Substituting the above expression into (4.9) and letting ε→ 0,
ε0 : σ0p = |S|B0ρp , (4.12)
ε1 : σ1p =
1
β
(−cpθ · ∇σ0p +R0sp(θ)ρs −R0psσ0p) . (4.13)
We obtain a Chapman-Enskog expansion from (4.11):
σp = |S|B0ρp + εσ1p +O(ε2) . (4.14)
Substituting the above expression into the mean direction of the passive leaders, wp in
(4.5), we obtain
wp =
1
n
∫
S
θB0(θ)dθρp +
ε
n|S|
∫
S
θσ1pdθ ,
=
1
n
B0θρp +
ε
n|S|
∫
S
θσ1pdθ ,
where B0θ =
∫
S
θB0dθ. The conservation equation for the leaders (4.6), is then
ε2∂tρ` + εcp∇ ·
(
B0θρp +
ε
|S|
∫
S
θσ1pdθ
)
− εcs∇ · (bρs) = 0 . (4.15)
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The term ∇ · ∫
S
θσ1pdθ can be explicitly computed using (4.12) and (4.13) as follows:
1
|S|∇ ·
∫
S
θσ1pdθ =
−cp
|S|β
∫
S
(∇ · θ)(θ · ∇)B0ρpdθ + 1|S|∇ ·
∫
S
θ
(
Rεsp(θ)ρs + |S|RεpsB0ρp
)
dθ ,
= −∆(Dρp) +∇ · (Rεsp(θ)ρs) +Rεps∇ · (B0θρp) ,
where
D =
cp
|S|β
∫
S
θθTB0dθ and Rεsp(θ) =
1
|S|
∫
S
θRεsp(θ)dθ .
D is the diffusion coefficient and Rεsp describes some turning of the streaker population
ρs.
If we substitute ρ` = ρs + ρp into the scaled conservation equation (4.15) and ∂tρs
from (4.8), we observe that as ε → 0 we obtain from the leading order cp∇ · (B0θρp) =
R0spρs −R0psρp . Finally, for the passive leaders we have
∂tρp − ncp∆(Dρp) + ncp∇ · (R0spρs) + ncpR0ps∇ · (B0θρp) = 0 . (4.16)
The conservation equation (4.7) for the follower population is
∂tρf + ncf∇ · wf = 0 , (4.17)
where wf =
1
nε|S|
∫
S
θσfdθ. To compute the mean direction of the followers, wf , we
multiply (4.10) by θ and integrate over S,
ε2
∫
S
θσfdθ + εcf∇
∫
S
θθTσfdθ =− β
∫
S
θσfdθ + ζβ
∫
S
θTσfdθ
+ (1− ζ)βρf
∫
S
θΦε(Λ · θ)dθ . (4.18)
Using the expansion σf = |S|−1(ρf + εnθ · wf ) and letting ε→ 0 we obtain
wf =
1− ζ
n(1− ζν1)ρf
∫
S
θΦ0(ΛW · θ)dθ − cf
nβ(1− ζν1)∇ρf , (4.19)
where Φ0(ΛW · θ) = limε→0 Φε(ΛW · θ), W is the total mean direction of the whole
population and
ΛW =
JW
|JW | for J
W =
nε
|S|
∫
y
Kε
( |y − x|
ε
)
W (y, t)dy .
If we consider J as in (3.3) then the mean direction, Λ, will depend only on the mean
direction of the streakers, ws, as follows
Λs =
J s
|J s| where J
s =
nελ
|S|
∫
y
Kε
( |y − x|
ε
)
wsdy .
Integrating over S,
∫
S
θΦ0(ΛW · θ)dθ = zΛW . z can be computed using polar coordi-
nates θ = (cos(s), sin(s)) for n = 2 or spherical coordinates θ = (cosφ sin(s), sinφ sin(s), cos(s))
for n = 3, and is given by [15]
z =
{∫ 2pi
0
Φ0(cos(s)) cos(s)ds, if n = 2,
2pi
∫ pi
0
Φ0(cos(s)) cos(s) sin(s)ds, if n = 3.
(4.20)
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We can then write
wf = DΛ
W ρf − Cf∇ρf , (4.21)
where the alignment and diffusion coefficients are respectively given by
D =
z(1− ζ)
(1− ζν1) and Cf =
cf
β(1− ζν1) .
The macroscopic PDE description for the follower population is
∂tρf + cf∇ · (DΛW ρf − Cf∇ρf ) = 0 . (4.22)
Finally, the system describing the macroscopic densities of followers and leaders, in the
diffusion limit, reads as follows
csb · ∇ρs −R0spρs +R0psρp = 0 , (4.23)
∂tρp − ncp∆(Dρp) + ncp∇ · (R0spρs) + ncpR0ps∇ · (B0θρp) = 0 , (4.24)
∂tρf + cf∇ · (DΛW ρf − Cf∇ρf ) = 0 . (4.25)
4.2 Hyperbolic limit
In this section we investigate the dynamics of the swarm over shorter time scales. Consider
the following scaling (x, t) 7→ (x/ε, t/ε), then we write
ε∂tρs − εcsb · ∇ρs = −εRεspρs + εRεpsρp , (4.26)
ε∂tσp + εcpθ · ∇σp = εRεsp(θ)ρs − εRεpsσp − βσp + |S|βBερp , (4.27)
ε∂tσf + εcfθ · ∇σf = −βσf + ζβTσf + (1− ζ)βΦε(Λ · θ)ρf . (4.28)
The conservation equation (4.6) in this case is given by
ε∂tρ` + εncp∇ · wp − εcs∇ · (bρs) = 0 . (4.29)
Following the same procedure as before we consider the expansion (4.11) and from
(4.27) we obtain
σ0p = |S|B0ρp . (4.30)
Hence, substituting σp = |S|B0ρp + εσ1p +O(ε2) into the mean direction wp, as defined
in (4.5), the conservation equation reads
∂t(ρp + ρs) + ncp∇ · (B0θρp +
ε
|S|
∫
S
θσ1pdθ)− cs∇ · (bρs) = 0 . (4.31)
The next step is to find the term σ1p. Substituting the expansion for σp back into (4.27)
and letting ε→ 0 we get
−|S|−1βσ1p = ρp∂tB0 +B0∂tρp + cp(θ · ∇)(B0ρp)− |S|−1R0sp(θ)ρs +R0psB0ρp . (4.32)
Substituting ∂tρp from the conservation equation (4.31) we obtain
−|S|−1βσ1p = ρp∂tB0 +B0
(
−∂tρs − ncp∇ · (B0θρp) + cs∇ · (bρs)
)
+ cp(θ · ∇)(B0ρp)− |S|−1R0sp(θ)ρs +R0psB0ρp .
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We note that from (4.26) we can substitute −∂tρs + cs∇ · (bρs) to obtain
−|S|−1βσ1p = −ncpB0∇ · (B0θρp) + ρp∂tB0 + cp(θ · ∇)(B0ρp) +B0|S|R0spρs
− |S|−1R0sp(θ)ρs +B0(1− |S|)R0psρp
= cpB
0(θ − nB0θ) · ∇ρp + cp(θ · ∇B0 − nB0∇ · B0θ)ρp + ρp∂tB0
+B0|S|R0spρs − |S|−1R0sp(θ)ρs . (4.33)
Letting
q1 = cpB
0(θ − nB0θ) , q2 = cp(θ · ∇B0 − nB0∇ · B0θ) + ∂tB0 ,
we can write
σ1p =
−|S|
β
(
q1 · ∇ρp + q2ρp +B0|S|R0spρs − |S|−1R0sp(θ)ρs
)
. (4.34)
Finally, by substituting σ1p back into the conservation equation (4.31), we obtain
∂tρ` + ncp∇ · (B0θρp)− cs∇ · (bρs) = εncp
[
Q1∇ρp −Q2ρp +
(
|S|B0θR0sp −R0sp(θ)
)
ρs
]
,
(4.35)
where
Q1 =
1
β
∫
S
θ · q1dθ , Q2 = −1
β
∫
S
θq2dθ .
Splitting again the leaders’ population into ρp and ρs and substituting ∂tρs from (4.26)
into (4.35) we obtain
∂tρp + ncp∇ · (B0θρp)−R0spρs +R0psρp = εncp
[
Q1∇ρp −Q2ρp
+
(
|S|B0θR0sp −R0sp(θ)
)
ρs
]
. (4.36)
For the case of the follower population and using the hyperbolic scaling we can rewrite
(4.28) as
∂tσf + cfθ · ∇σf = β
ε
(
−σf + ζTσf + (1− ζ)Φε(Λ · θ)ρf
)
, (4.37)
and, as ε→ 0, we obtain
σ0f = (ζ + (1− ζ)Φ0(Λ · θ))ρ0f . (4.38)
Here we considered only the first eigenvalue of T , i.e. Tσf = ρ
0
f as in Appendix A.
Substituting (4.38) into (4.28) and integrating with respect to S gives
∂tρ
0
f
∫
S
(ζ + (1− ζ)Φ0(Λ · θ))dθ + cf
∫
S
θ · ∇(ζ + (1− ζ)Φ0(Λ · θ))ρ0fdθ = 0 , (4.39)
where the right hand side is zero using the approximation Tσf = T0σf . In the left hand
side we note that
∫
S
Φ0(Λ ·θ)dθ = 1 and, as before, ∫
S
θΦ0(Λ ·θ)dθ = zΛ where z is given
by (4.20). Hence the conservation equation for the followers reads
∂tρ
0
f + cfz(1− ζ)∇ · (ρ0fΛ) = 0 . (4.40)
Next we need to find the mean direction ρ0fΛ. Following the same analysis as in [15, 19]
we substitute the expansion for σ0f given in (4.38) into (4.28) and multiply by θ ·v, where
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v ∈ Rn is orthogonal to Λ. Integrating over S then gives(
∂t
∫
S
θΨ(θ)ρ0fdθ + cf
∫
S
θ · ∇(Ψ(θ)ρ0f )θdθ
)
· v = O(ε) . (4.41)
Here Ψ(θ) = ζ + (1− ζ)Φ0(Λ · θ), and letting ε→ 0 in the right hand side we obtain(
z(1− ζ)∂t(ρ0fΛ) + cf
∫
S
θ · ∇(ρ0fΨ(θ))θdθ
)
· v = 0 .
Using the fact that v ⊥ Λ, we can reformulate the above expression in terms of the
orthogonal projection P⊥ = 1− Λ⊗ Λ onto Λ⊥,
P⊥
(
z(1− ζ)∂t(ρ0fΛ) + cf∇ · ρ0f
∫
S
(θ ⊗ θ)Ψ(θ)dθ
)
= 0 . (4.42)
For the first term of the above expression we can write
z(1− ζ)P⊥(ρ0f∂tΛ + Λ∂tρ0f ) = z(1− ζ)ρ0f∂tΛ , (4.43)
since 〈∂tΛ,Λ〉 = 12∂t|Λ|2 = 0, i.e., Λ ⊥ ∂tΛ. For the second term we must compute the
integral
∫
S
(θ ⊗ θ)Ψ(θ)dθ, where we use θ = cos(s)Λ + sin(s)Λ⊥ in polar coordinates for
n = 2 and spherical coordinates for n = 3 as in [15]. Finally, we obtain
ρ0f (z(1− ζ)∂tΛ + C1Λ · ∇Λ) + C2P⊥∇ρ0f = 0 , (4.44)
where we have used Λ⊥ ⊗ Λ⊥ = 1 − Λ ⊗ Λ. Here C1 = cf (1 − ζ)a3 and C2 = cf (1 −
ζ)1a1 + cf1piζ for, a3 = a0 − a1 and
a0 =
{∫ 2pi
0
Φ0(cos(s)) cos(s)2ds, if n = 2,
2pi
∫ pi
0
Φ0(cos(s)) cos(s)2 sin(s)ds, if n = 3,
(4.45)
a1 =
{∫ 2pi
0
Φ0(cos(s)) sin(s)2ds, if n = 2,
pi
∫ pi
0
Φ0(cos(s)) sin(s)3 sin(s)ds, if n = 3.
(4.46)
The final system of equations is given as
∂tρs − csb · ∇ρs +R0spρs −R0psρp = 0 , (4.47)
∂tρp + ncp∇ · (B0θρp)−R0spρs +R0psρp = εncp
[
Q1∇ρp −Q2ρp
+
(
|S|B0θR0sp −R0sp(θ)
)
ρs
]
, (4.48)
∂tρf + cfz(1− ζ)∇ · (ρfΛ) = 0 , (4.49)
ρf (z(1− ζ)∂tΛ + C1Λ · ∇Λ) + C2P⊥∇ρf = 0 . (4.50)
4.3 Discussion of macroscopic equations
The macroscopic equations obtained above capture behaviours depicted in Figures 1
and 2 according to their respective scales. From Equation (4.23), we observe that the
distribution of streakers on long (parabolic) time scales is constant along the vector field
b whenever R0sp and R
0
ps vanish, i.e. within the interior of the swarm. At the front of
the swarm, the lower bound R0sp > r0 forces ρs to decay exponentially fast to zero over
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a characteristic length scale csr0 , as streakers convert to passive leaders. Equation (4.24)
reflects an undirected diffusion of the passive leaders through the swarm, with a transport
term ∇ · (B0θρp) corresponding to the velocity opposite those of the streakers. As passive
leaders reach areas of large R0ps, corresponding to the rear boundary of the swarm, they
convert to streakers and head again to the swarm front. The characteristic length scale is
cp
r0
. Note that the movement of streakers and passive leaders only depends on the followers
through the transition rates R0sp and R
0
ps: this is logical enough, given that leaders have
knowledge of the nest site and should not be swayed by the uninformed. A more detailed
model may also incorporate some influence of the followers on the leader direction (e.g.
due to avoiding collisions), however we have neglected that here for simplicity.
From (4.25), the density of followers also diffuses over parabolic time scales. The direc-
tional movement of the swarm depends on the leaders only through ΛW . This highlights
the limitations of modelling via the homogeneous alignment kernel (3.2): since ΛW is
a unit vector, only a single leader is required to direct the swarm to its nest, a result
which clearly stretched credulity for large swarms. This pathology motivates the study
of inhomogeneous alignment kernels in Section 5, where the size of the orientation vector
ΛW is taken to increase both with the number of leaders moving along b and with the
strength of the interactions.
A basic question concerns whether two follower populations, as in Figure 2, behave as
one joint swarm or two separate swarms. From previous discussions in Section 3, for the
model here the distinction lies with the separation of the two populations: for separations
much larger than csr0 , leaders remain confined to their separate follower swarms; for sep-
arations smaller than csr0 , the leader populations bridge the gap that separates the peaks
to join the swarms together; streakers to passive leader conversion occurs predominantly
within a single zone at the swarm front.
Equations (4.47) to (4.50) for shorter, hyperbolic time scales support the general de-
scription above, with a few notable modifications. First, over this shorter time scale the
streakers follow a transport equation (4.47) that includes a time derivative absent from
the parabolic limit, allowing a time-dependent description of streaker movement through
the swarm. Second, the passive leader distribution in (4.48) does not undergo undirected
diffusion over hyperbolic time scales, rather it is simply transported in the opposite di-
rection to the streakers with its respective velocity. The terms of order ε account for
secondary effects in the collective movement. Finally, the equations for the followers,
(4.49) and (4.50), correspond to classical equations for swarming particles [19]. Again,
the directional movement of the swarm depends on the leaders only through ΛW , and
the swarm impacts on the movement of the leaders only through the switching rates R0sp
and R0ps.
5 Inhomogeneous alignment kernel
In this section we consider the alignment kernel given by
Λ∗ = νJ (x, t) (5.1)
where we have removed the normalization and J (x, t) is given as in (3.2). Here we limit
our discussion to the case n = 2. Parameter ν is the relaxation frequency, previously
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assumed constant but in this approach taken to depend on the norm of J (x, t). Here we
study the diffusion and hyperbolic limit of the system for follower-leader interactions, as
previously done in Section 4. In particular, we focus on the equation for followers (4.10)
and (4.28) under an alignment given by (5.1).
The distribution of aligned directions Φ(Λ∗ · θ) in (3.9) is replaced by
Φ¯(Λ∗ · θ) = Φ(Λ
∗ · θ)∫ 2pi
0
Φ(|Λ∗| cos θ)dθ
(5.2)
such that
∫
S
Φ¯(Λ∗ · θ)dθ = 1.
In the diffusion limit, we replace Φ0(Λ · θ) by Φ¯0(Λ∗ · θ) in equations (4.18) and (4.19).
Noting that∫
S
θΦ¯0(Λ∗W · θ)dθ = z¯Λ∗W , where z¯ = |Λ∗|
∫ 2pi
0
Φ¯0(|Λ∗| cos(s)) cos(s)ds , (5.3)
for θ = cos(s)Λ∗ + sin(s)Λ∗⊥ we again obtain (4.22), where in this case
D =
z¯(1− ζ)
n(1− ζν1) .
For the hyperbolic limit, let us first define the right hand side of (4.37) as
L(σf ) = −βσf + βζTσf + (1− ζ)βΦ¯ε(Λ∗ · θ)ρf .
We know that as ε → 0 the solution σ0f = Ψ¯(θ)ρ0f , where Ψ¯(θ) = ζ + (1 − ζ)Φ¯0(Λ∗ · θ).
The new operator Ψ¯(θ) needs to be a Generalized Collisional Invariant of the operator
L(σf ), as in the following sense [13, 14, 15].
Definition 5.1 A function Ψ¯(θ) is a Generalized Collisional Invariant of Q if it satisfies∫
S
L(σf )Ψ¯(θ)dθ = 0 ,
for any σf . Equivalently, σf satisfies P⊥
(∫
S
σf (x, t, θ)θdθ
)
= 0, where P⊥ = Id−Λ∗⊗Λ∗
is an orthogonal projection to Λ∗.
Note that for the case ζ = 0, i.e. when only alignment is considered, from Definition
5.1 we conclude that
∫
S
L(σf )Φ¯
0(Λ∗ · θ)dθ = 0, where Φ¯0 can be taken as the von Mises-
Fisher distribution. Then, the analysis in [13] follows. The system (4.49)-(4.50) can be
written now as
∂tρf + cf z¯(1− ζ)∇ · (ρfΛ∗) = 0 , (5.4)
ρf (z¯(1− ζ)∂tΛ∗ + C¯1Λ∗ · ∇Λ∗) + C¯2P⊥∇ρf = 0 , (5.5)
where z¯ is given by (5.3) and, similar to previous derivation, C¯1 = cf (1 − ζ)a¯3, C¯2 =
cf (1− ζ)1a¯1 + cf1piζ for, a¯3 = a¯0 − a¯1 with
a¯0 = |Λ∗|2
∫ 2pi
0
Φ¯0(|Λ∗| cos(s)) cos2(s)ds , a¯1 = |Λ∗|2
∫ 2pi
0
Φ¯0(|Λ∗| cos(s)) sin2(s)ds .
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6 Discussion
The capacity of individuals to coordinate their movement to generate collective movement
is a phenomenon that has attracted significant interest, in both cellular and animal
systems. Much of the progress in this area has been facilitated through modelling studies,
particularly via the employment of agent-based (or particle) descriptions that consider
the movement response of each single member according to its neighbours. Yet the largest
swarms can extend over kilometres and contain millions (e.g. herrings, [27]) or even
hundreds of billions (e.g. desert locusts, [34, 42]) of members. At such numbers and scales,
continuous modelling approaches become necessary for their efficiency and increased
tractability. Consequently, there is a clear interest in clarifying the relevant form of
continuous models for swarming systems.
Much recent interest has focussed on follower-leader systems, where the population
is decomposed into a leader population which somehow guides a population of follow-
ers. Honeybee swarms offer an ideal case study for exploring the continuous modelling
of follower-leader systems: given their large size (O(104) individuals), a continuous ap-
proach is relevant and a significant body of work has elucidated key insights into how the
distinct leader population guides the uninformed followers [38]. Inspired by this system
we have formulated a minimalistic microscopic description for a population of informed
scouts and the followers, deriving the ensuing macroscopic models under distinct scal-
ing limits. To test the extent to which velocity alignment by itself can propel a guided
and coherent swarm, follower orientation is limited to the interaction choice (3.3): align-
ment according to the velocity direction. Under both hyperbolic and parabolic scaling,
macroscopic models feature drift-terms with advection in the streaking direction. Thus,
alignment to velocity alone yields translocation of the swarm towards the nest.
Under the hyperbolic scaling a pure-drift equation is generated, implying the poten-
tial for travelling-pulses with movement of a cohesive colony towards the nest site. The
parabolic limit, on the other hand, generates a drift-diffusion equation. While drift is in
the direction of the nest site, the additional dispersion leads to swarm spreading with
time. Early stretching of the colony is to be expected, as the initially tight cluster morphs
into a migrating swarm. Once a swarm is established, however, it appears to retain a rela-
tively stable speed and shape: any continued dispersal would be far from optimal, leading
to colony loss (bees losing contact and becoming “lost”) and placing the all-important
queen at risk of exposure. Of course, the question of which is the appropriate limit boils
down to the relevant spatio-temporal scales. Straight-line motions of follower bees within
a swarm is unlikely to be longer than a few seconds or so, longer runs would move them
beyond swarm boundaries. At a macroscopic scale, swarms travel from a few hundred
metres (over a few minutes) to multiple kilometres (up to an hour) to new nest locations
[1]. While the hyperbolic model may be relevant for shorter swarm migrations, over larger
migrations the parabolic scaling would be necessary.
The above must be viewed in light of our intentionally simple modelling approach,
where we have specifically tested the practicalities of an “alignment-only” mechanism.
Agent-based approaches for modelling bee swarms (and, indeed, swarming phenomena
in general) are typically augmented by additional attractive/cohesion behaviours, where
individuals are also pulled in the direction of those in their neighbourhood; in non-local
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continuous models, a similar effect is gained through a nonlocal attraction term that
biases movement direction. As stressed above, we have reasonably excluded such con-
siderations from the present model for simplicity, however including nonlocal attractions
could clearly counteract swarm dispersal. For example, following [2], attraction (or re-
pulsion) between individuals can be considered by
A =
(dc − dist(x,y)
dist(x,y)
)
e−(dc−dist(x,y))
2
~e(x,y) .
Here dist(x,y) denotes the distance between two individuals x and y, along the direction
of the unit vector ~e(x,y). If dist(x,y) < dc, where dc is a critical distance, then the action
of A is repulsive and if dist(x,y) > dc we have attraction.
Recently, there has been considerable interest in the composition and structuring of
swarming populations. For example, in the case of bird flocks and fish shoals, the existence
of faster and/or braver individuals can lead to hierarchical swarm arrangements [35, 31]
and the question is raised as to how much swarm movement is dominated by the choice of
a few. For simplicity, the movements of our leaders has been set here somewhat naively:
during streaks, they operate as ballistic particles adopting fast movements towards the
nest. While this may be a reasonable approximation for bee swarms, where leaders have
specific a priori knowledge, more general “leaders” may be more subtle and get influenced
by neighbour movements. Consequently, a logical extension would be to also adopt a
velocity jump model for the leader population, where one of their movement contributions
stems from an interaction function similar to (3.3), distinctly weighted. In other instances,
leader/follower statuses may be transient, for example resulting from spatial position
within the swarm, and it may be necessary to include switching terms between follower
and leader populations.
The study of population dynamics, where a few discrete agents act as leaders, pro-
vides an excellent scenario to derive specific control laws and interactions that drive
self-organisation, leading the swarm optimally to a desired outcome. This will allow an
analytic understanding of follower-leader interactions, with applications not only to un-
derstanding the collective dynamics of biological populations but also outside biology,
for example to hierarchical swarms of robots.
Appendix A Turn angle operator
This section recalls some basic spectral properties of the turn angle operator T defined
in (3.1). Recall that in n-dimensions, the surface area of the unit sphere S is given by
|S| =

2pi
n/2
Γ(n2 )
, for n even,
pi
n/2
Γ(n2 +1)
, for n odd.
Lemma 1 Assume that k˜ is continuous. Then T is a symmetric compact operator. In
particular, there exists an orthonormal basis of L2(S) consisting of eigenfunctions of T .
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With θ = (θ0, θ1, ..., θn−1) ∈ S, we have
φ0(θ) =
1
|S| is an eigenfunction to the eigenvalue ν0 = 1,
φj1(θ) =
nθj
|S| are eigenfunctions to the eigenvalue ν1 =
∫
S
k˜(·, |η − 1|)η1dη < 1.
(A 1)
Any function σ ∈ L2(Rn ×R+ × S) admits a unique decomposition
σ(x, t, θ) =
1
|S| (u+ nθ · w) + zˆ, (A 2)
where zˆ is orthogonal to all linear polynomials in θ. Explicitly,
u(x, t) =
∫
S
σ(x, t, θ)φ0(θ)dθ, w
j(x, t) =
∫
S
σ(x, t, θ)φj1(θ)dθ,
and w = (w1, . . . , wn).
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